Abstract. Let A be either a simplicial complex K or a small category C with V (A) as its set of vertices or objects. We define a twisted structure on A with coefficients in a simplicial group G as a function
Introduction
Motivated by the applications of algebraic topology to dynamic processes in the network and other areas of mathematics, some new versions of homology (cohomology) theory and combinatorial homotopy theory of graphs and simplexes were introduced recently [1, 2, 6, 8, 9, 10, 11, 16, 17] . In particular, the classical simplicial homology was varied by considering homology with local coefficient system for colored posets [8, 17] or by inserting δ-factors as numerical data on vertices in the differentials of simplicial chain complexes [9, 10] . The purpose of this paper is to give a canonical twisted construction of simplicial groups as well as twisted homology for a simplicial complex and a small category with a given twisted structure. In particular, our twisted homology (twisted cohomology) is a generalization of the δ-homology (δ-cohomology) introduced in [9, 10] . Categories con! sidered in the paper are small and we omit mentioning it. All necessary definitions will be given later in the text of the paper.
Let A be either a simplicial complex K or a category C. We are considering category from geometrical point of view, using the terminology of underlying quiver, for example we are using word "vertices" instead of objects. However composition of morphisms and identity morphisms are involved in our constructions. Let V (A) be the vertex set of A, G be a simplicial group. We denote by End(G) the monoid of simplicial endomorphisms of G, namely End(G) consists of graded endomorphisms f = {f n : G n → G n } n≥0 such that d i • f = f • d i and s i • f = f • s i for the face homomorphisms d i : G n → G n−1 and the degeneracy homomorphisms s i : G n → G n+1 for 0 ≤ i ≤ n. A twisted structure on A with coefficients in a simplicial group G is a function δ : V (A) −→ End(G), v → δ v satisfying the following commuting rule:
if there exists an edge in A (if A is a simplicial complex) joining v with w or an arrow either from v to w or from w to v (if A is a category). A twisted structure on A with coefficients in G is called non-singular if δ v : G → G is a simplicial automorphism for each v ∈ V (A). Now let us suppose that a simplicial complex K has a total order. There is a canonical associated simplicial set S(K) by allowing the repeating of vertices in the sequences of paths. For a category C take S = S(C) to be a nerve of C. The simplicial set S = S(A) has a nature that the set S n of n-paths (n-simplices) admits a form of the sequences v 0 α 1 v 1 · · · α n v n with v i ∈ V (C) and α i : v i−1 → v i is a morphism or the sequences (v 0 , v 1 , . . . , v n ) for v i ∈ V (K) with v i ≤ v j for i ≤ j under a total order on V (K) and {v 0 , . . . , v n } being a simplex in K. The face operation d i : S n → S n−1 , 0 ≤ i ≤ n, is given by removing the vetex v i followed the composition α i α i+1 : v i−1 → v i+1 , and the degeneracy operation s i : S n → S n+1 , 0 ≤ i ≤ n, is given by doubling the vertex v i with inserting the identity arrow e v i : v i → v i if it is the case of category.
We construct a ∆-group and a simplicial group F
The main result in this article is to determine the homotopy type of F The article is organized as follows. In Section 2, we give a review on the path complexes of categories. The twisted construction of the ∆-groups and simplicial groups is given in section 3 by examining the ∆-identity and simplicial identities. The homotopy type of the twisted simplicial group F G δ [A] is studied in section 4, where the main result is Theorem 4.5. In section 5, we explore the twisted homology of simplicial complexes as well as categories.
2. Path complexes of categories and simplicial set extension of simplicial complexes 2.1. Path complexes of categories. Recall that a quiver is a quadruple Q = (V (Q), E(Q), s, t), where the set V is called the set of vertices of Q, the set E is called the set of edges of Q, s and t are two maps s : E → V , giving the start or source of the edge, and t : E → V , giving the target of the edge. The elements in E(Q) we denote by arrows α : v → w, or vαw.
Recall also that there is a forgetful functor from small categories to quivers Cat → Quiv. By an n-path for a category C we mean the sequence v 0 α 1 · · · v n−1 α n v n with n ≥ 1. There exists a trivial path (the identity arrow) e v : v → v for each vertex a ∈ V (C). Let S n (C) be the set of all n-paths with n ≥ 1 and S 0 (C) = V (C).
The face operations in S(C) are given by removing a vertex followed by the composition of arrows in the following sense:
for 0 ≤ i ≤ n, where d 0 removes the first vertex together with the first arrow and the last face d n removes the last vertex together with the last arrow. The degeneracy operations
for 0 ≤ i ≤ n are defined by doubling the i-vertex with inserting the trivial path. Then S(C) = {S n (C)} n≥0 is the classifying simplicial set (or nerve) of the category C.
Choose a vertex a 0 ∈ V (C) as a basepoint. Consider the constant n-path a n 0 = a 0 e a 0 a 0 · · · e a 0 a 0 as a basepoint for the set S n (C). Then S(C) is a pointed simplicial set [18, Chapter 2].
2.2.
Simplicial set extension of simplicial complexes. Let K be a simplicial complex with its vertex set V (K) which has a total order. Recall that the simplicial set S(K) induced by K is given as follows:
(1). The set S(K) n consists of sequences
The geometric realization of the simplicial set S(K) is homeomorphic to the polyhedron |K| (see, for example, [7] ). We choose a basepoint in S(K) n by a n 0 = (a 0 , a 0 , . . . , a 0 ) for a vertex a 0 ∈ V (K) so that S(K) is a pointed simplicial set.
The twisted construction of ∆-groups and simplicial Groups
A ∆-set is a sequence of sets X = {X n , n ≥ 0} with maps called faces
such that the following condition is hold
It is called the ∆-identity [18] . Roughly speaking ∆-set is a simplicial set without degeneracies. A ∆-set G = {G n } n≥0 is called a ∆-group if each G n is a group, and each face d i is a group homomorphism [18] .
We proceed the following steps for constructing a ∆-group and a simplicial group depending on the twisted structure δ on A:
1) Choose a vertex a 0 ∈ V (A) as a basepoint. Consider the constant n-path a n 0 = a 0 e a 0 a 0 · · · e a 0 a 0 as a basepoint for the set S n . Define F G [A] n to be the free product of the group G n with indices running over all non-basepoint elements in S n (A). More precisely, let (G n ) x be a copy of G n labelled by an element x ∈ S n (A). Then F G [A] n is the quotient group of the free product * x∈Sn (G n ) x subject to the relations that (G n ) a n 0 = {1}.
2) Let g x denote the element g ∈ G n in its copy group (G n ) x labelled by x. Define a (twisted) face operation d
with the twisted face operations forms a ∆-group, where the commuting rule (1.1) assures the ∆-identity. 3) Suppose that the δ-structure is non-singular. We define a twisted degeneracy operation s
By Proposition 3.1, the sequence of groups [A] is a generalization of δ-homology [9, 10] in the following sense. Let G be any abelian group. Let δ : V (A) → End(G) be a function satisfying the commuting rule (1.1). We consider G as a discrete simplicial group with G n = G and the faces and degeneracies given by the identity. Then we have the δ-structure on A. By taking the abelianization of the (non-commutative) ∆-group F G,∆ δ
[A] in step 2, we have an abelian ∆-group with the twisted faces given in (3.2) on chains
having the differentials given by
In the case where G is a commutative ring R and δ v is the translation given by an element δ v ∈ R, the above formula on the differentials is exactly given by inserting the factor δ v as described in [9, 10] .
where A is either a simplicial complex K or a category C with twisted structure in a simplicial group G. Then
with the twisted face operations defined by formula 3.2 forms a ∆-group. (2) . Suppose that the twisted structure δ is nonsingular. Then the sequence of groups F Proof. The proof is given by examining the ∆-identity for assertion (1) , and simplicial identities for assertion (2) . Since the examination on the ∆-identity for assertion (1) is part of the simplicial identities for assertion (2), we only need to prove assertion (2) with paying attention that the invertibility of δ v is not required in the ∆-identity for face operations.
For the basepoint a n 0 in S n , we see that each d
is a well-defined homomorphism. The same is true for
Now we show that the simplicial-identity holds for the face and degeneracy operations. For simplicity of notations, we only consider the case S = S(K). For the case S(C) of a category C, the proof follows from the same lines with keeping in mind the following rules:
, and let i ≥ j with 0 ≤ j ≤ n − 1 and
because there is an arrow given by a composition from v j to v i+1 .)
Let i ≥ j, and let
We shorten the notation d (g (v 0 ,...,vn) ).
Let i = j, and let g (v 0 ,...,vn) ∈ (G n ) (v 0 ,...,vn) . Then
vn) .
Let i = j + 1, and let g (v 0 ,...,vn) ∈ (G n ) (v 0 ,...,vn) . We remind that the rule is such that we add the twisting of the vertex we are removing. When we apply d j+1 , we should add twisting δ v j because the second v j is located in the position (j + 1) under removing. Then we have
Let i > j + 1, and let g (v 0 ,...,vn) ∈ (G n ) (v 0 ,...,vn) . Then g (v 0 ,...,vn) ).
Homotopy Type of F
4.1. The δ-twisted Cartesian products. We generalize now the notion of twisted structure for a simplicial set, not necessary a simplicial group G. Let Y be a simplicial set. We denote by End(Y ) the monoid of self-simplicial maps of Y . Let A be a simplicial complex or a category with vertex set V (A). A twisted structure on A in a simplicial set Y is a function
holds if there is an edge joint v and w in the case of simplicial complexes and arrow between v and w in the case of category. A twisted structure on A is called nonsingular if δ v : Y → Y is a simplicial isomorphism for each v ∈ V (A). Let S = S(A) be a simplicial set defined in section 2. Given any twisted structure δ on A in a simplicial set Y , we can proceed the following construction of δ-twisted Cartesian product:
(1). The sequence of sets is given by Y n × S n for n ≥ 0.
(2). The faces d
. Suppose that the twisted structure δ is nonsingular. We define the degeneracy operation s i : Y n ×S n → Y n+1 ×S n+1 , 0 ≤ i ≤ n, by the formula
Remark 4.1. The definition of our δ-twisted Cartesian product is different from that the classical twisted Cartesian product in simplicial theory [3, 7] .
Proposition 4.2. Let S = S(A) for A with a twisted structure δ in a simplicial set Y . Then (1). The sequence of sets Y × δ,∆ S = {Y n × S n } n≥0 with the face operations defined by (4.2) forms a ∆-set. (2) . Suppose that the twisted structure δ is nonsingular. Then the sequence of sets Y × δ S = {Y n ×S n } n≥0 with the face operations defined in (4.2) and the degeneracy operations defined by (4.3) forms a simplicial set.
Proof. The assertions follow from the lines in the proof of Proposition 3.1 for examining the ∆-identity and the simplicial identities.
The first assertion of the above proposition is sufficient for having homology (cohomology) with twisted coefficients. Let A have a twisted structure δ in a simplicial set Y . Let G be an abelian group. The twisted homology (twisted cohomology) of A with coefficients in G is defined by
for n ≥ 0, where G(X) for a simplicial set X is given by G(X) = ⊕ x∈X (G) x with (G) x a copy of G labelled by x. A consequence of (1) of Proposition (4.2) is the following corollary. 
From the second assertion of Proposition 4.2, there is a connection between δ-twisted Caretesian products and simplicial fibre bundles which is described as follows. Let S = S(A) be with a nonsingular twisted structure δ in a simplicial set Y . Observe that the coordinate projection
is a simplicial map. Recall from [7, page. 155 ] that a simplicial map p : E → B is called a simplicial fibre bundle with fibre F if for each b ∈ B n , there is a commutative diagram 
given by δ (i) = δ v i for 0 ≤ i ≤ n. For 0 ≤ i < j ≤ n, since there is an edge between v i and v j or an arrow v i → v j , we have
by the commuting rule δ v i • δ v j = δ v j • δ v i and so a twisted structure on ∆[n] in Y . From the definition of δ-twisted Caretesian product, we have the simplicial map
where E ′ is given by the pull-back in diagram (4.5) with E = Y × δ S and B = S. Now we show that there is a fibrewise simplicial isomorphism 
. . , i sw (w)} = {0, 1, . . . , n} {j 1 (w), j 2 (w), . . . , j tw (w)} with i 1 (w) < i 2 (w) < · · · < i sw (w) be the set of missing vertices in w. Define the function
q is bijective for q ≥ 0. It suffices to show that α b is a simplicial map. We shorten the notation l i (w) as l i , and similarly for other functions on w. Note that, for 0 ≤ i ≤ q,
where (i ′ ) is the i-th vertex of the q-simplex w. Let k be the minimal integer such that
From the definition of α b , we have y, w) ). Consider the degeneracy operation s i , 0 ≤ i ≤ q. We have
4.2. The δ-Twisted Smash Products. Now we consider the pointed constructions. Let Y be a pointed simplicial set with the base-point
such that the commuting rule (4.1) holds, where End * (Y ) is the monoid of base-point-preserving self-simplicial maps of Y . A reduced twisted structure on A is called non-singular if δ v : Y → Y is a simplicial isomorphism for each v ∈ V (A). Suppose that S = S(A) has non-singular reduced twisted structure δ in a pointed simplicial set Y . Since δ v ( * ) = * for v ∈ V (A) there is a canonical inclusion
Let a 0 be a vertex of A treated as the base-point with the induced δ-structure by the restriction. Then there is a canonical simplicial inclusion
The δ-twisted smash product Y ∧ δ S is then defined as the simplicial quotient set
The classifying spaces of the twisted simplicial groups.
Recall that there is a functorW from simplicial groups to simplicial sets, which plays the role of classifying space functor in simplicial theory. The construction of the functorW is briefly reviewed using the terminology of categorical digraphs as follows. Let G be a group (without assuming simplicial structure). Let G be the category with a single vertex a and a collection of arrows labeled by the elements g ∈ G, where the identity 1 = e a : a → a is considered as the trivial path of the vertex a. Then G is a categorical digraph with the composition operation induced by the multiplication of the group G. Let W (G) = S(G) defined in section 2. Now let G = {G n } n≥0 be a simplicial group. The face homomorphisms d i : G n → G n−1 and the degeneracy homomorphisms s i :
is a bi-simplicial set. The simplicial set W (G) is then defined as the diagonal simplicial set of the bi-simplicial set W (G * ) * . Theorem 4.5. Let S = S(A) has a non-singular twisted structure in a simplicial group G. Then there is a natural simplicial map
which is a homotopy equivalence after geometric realization, where the twisted structure of A in the simplicial setW (G) is induced from its twisted structure in G through the functorW .
Proof. Let v be a vertex of A. By applying the functorW to the simplicial isomorphism δ v : G → G, we have a sequence of isomorphisms of pointed simplicial sets
and the commutative diagram
Recall from the definition that the group (F
n is the quotient group of the free product * x∈Sn (G n ) x subject to the relations
) n ) and so a simplicial map
where we consider S n as a discrete simplicial set with (S n ) q = S n for q ≥ 0 and faces and degeneracies being given by the identity map. Since (G n ) a n 0 = {1}, we havẽ
Since j x ( * ) = * for any x ∈ S n , we havẽ θ n ( * × S n ) = * and soθ factors through the smash product. Let
be the resulting simplicial map. Now we let n be varied. Let
Under the twisted faces in the simplicial group
for 0 ≤ i ≤ n. Similarly, under the twisted faces in the simplicial group
We define a δ-twisted structure on the sequence of simplicial sets
by the formulae
being a morphism of bi-simplicial sets.
Recall that, by the Whitehead Theorem [13, Proposition 4.3] , the canonical inclusionW
is a homotopy equivalence after geometric realization for any simplicial groups G ′ and G ′′ . It follows that
is a homotopy equivalence after geometric realization for n ≥ 0. According to [4] , the geometric realization
is a homotopy equivalence. Moreover, by [4] , the geometric realization of the diagonal simplicial simplicial associated to a bi-simplicial set X * , * is homotopy equivalent to |X * , * |. From the definition of the functor W , the simplicial setW (F 
Twisted homology of simplicial complexes and categories
In this section, we give some remarks on the twisted ∆-groups F G,∆ δ
[S], where S = S(A) with a twisted structure δ in a simplicial group G.
The second assertion in the above proposition assures that the MayerVietoris sequence can be applied in the homology theory given by H * (F G,∆ δ
[S(K)])
ab for twisted simplicial complexes. Similar results hold for the case S(C) for category C with twisted structure. Now let us consider the special case of the twisted ∆-groups of the cones of simplicial complexes and categories. For a simplicial complex K, the cone CK = a * K is defined in the usual way. For a category C, the cone CC = a * C is the category obtained by adding an initial vertex a with assigning a unique arrow e a,v : a → v for each v ∈ V (C) and the identical arrow id a : a → a. Suppose that δ : V (K) → End(G) or V (C) → End(G) is a twisted structure in a simplicial group G. A twisted structure δ CK (or δ CC ) is called a regular extension of the twisted structure δ K (or δ C ) if (1). δ CK | V (K) = δ K (or δ CC | V (C) = δ C ) and (2). δ(a) ∈ Aut(G).
We recall that, since there is an edge or arrow between a and any other vertex, the commuting rule (1.1) of the δ-structure forces that δ a • δ v = δ v • δ a for any vertex v.
Recall also that any group G can be considered as a discrete simplicial group with G n = G and faces and degeneracies being the identity map.
Proposition 5.2. Let S = S(a * A) where A is a simplicial complex K or a category C with a twisted structure given as a regular extension of a twisted structure on A in a group G. Then the following chain complexes 
